Domain walls (DWs) separating different ferroelectric domains have been ubiquitously observed in experiments in many compounds [1] , and form to minimize elastic and electrostatic energies. Such domains and their walls have a profound influence on physical properties of ferroelectrics. For example, they are promising for a wide range of practical uses, including nonvolatile random access memories [2] and piezoelectric devices [3] . Fundamental studies of electronic transport [4, 5] and above-band gap photovoltaic properties [6, 7] based on domain walls in BiFeO 3 (BFO) thin films have also been reported very recently with great potential of applications.
On another topic, epitaxial strain (arising from the lattice mismatch between film and substrate) is also known to dramatically affect multiferroic properties of single-domain BFO systems, even leading to emergence of many desirable effects [8] [9] [10] [11] [12] . For instance, it is now well understood that epitaxial compressive strain (with a magnitude larger than 4.4%) can induce a polarization rotation from [111] to nearly [001] , accompanied by the appearance of a huge c/a tetragonal ratio of about 1.3 and five-fold coordinated Fe atoms [13] [14] [15] , in (001)-oriented mono-domains of BFO.
Interestingly, while energetic and atomistic characteristics of different domain walls have been studied in BFO bulks [16] , these quantities and their evolutions with the magnitude of the misfit strain are completely unknown in BFO films subject to epitaxial strains, despite their obvious importance. The goal of this Letter is to fill this paucity of knowledge, by investigating the effect of strain on properties of different domain walls in epitaxial BFO films (Note also that it is highly likely that different experimental groups will observe different domains or a different averaging between domains, especially if they use different growth techniques/procedure or different substrates. This explains why we will report and discuss here properties of three different walls for a large range of strain). As we will see, many novel effects are presently found, and the concept of strain engineering of domain-wall functionalities is demonstrated as a new advance based on the well-studied engineering of domain wall configurations [1, 17] .
Two different kinds of epitaxial (001) BFO films are investigated: one possessing a single domain (SD) structure versus one exhibiting a multidomain (MD) configuration.
For the SD case, we use a 10-atom supercell (that is described in the Supplemental material [18] ) for which the in-plane and out-of-plane lattice constants are denoted by a and c respectively. The misfit strain is thus defined as (a-a 0 )/a 0 , where a 0 corresponds to the pseudo-cubic lattice parameter of BFO bulk (which is equal to 3.9Å according to our first-principle simulations). Regarding the MD structures, we investigate three different cases corresponding (at small misfit strain) to 109°, 71°, and 180° domain walls. These three cases are denoted as DW109, DW71 and DW180, respectively, and correspond to the three possible angles that the polarization of the `up' domains makes with the polarization of the `down' domains if both of them lie along two different SD <111> directions. Note that `up' (respectively, `down') terminology refers to domains for which the out-of-plane polarization is parallel (respectively, antiparallel) to the [001] pseudocubic axis. As schematized in Figures 1(a)-(b) , a 80-atom supercell is used to mimic DW109, and has the following lattice vectors: a' 1 =(0,a,c); a' 2 =(0,-a,c); a' 3 =(8a,0,δ). respectively. These results are very similar to the ones obtained by Dieguez et al [28] who have studied DW configurations in bulk BFO, including those that are analogous to the ones analyzed here. In agreement with Ref. [16] , DW109 is found to be the energetically most stable domain among the three considered MD cases. However, unlike in Ref. [16] , but in agreement with more recent works [28, 29] , the least stable MD is found here to be DW71 rather than DW180. Furthermore, our magnitudes of ε DW for the zero misfit strain are significantly smaller than the values of 0.205, 0.363, and 0.829 J/m 2 for the 109°, 71° and 180° domain walls, respectively, reported in Ref. [16] . Let us note that our calculations are technically very similar to those of Ref. [16] , and we explicitly checked that the small difference in calculation parameters (e.g., plane-wave cutoff, etc.)
can not account for the differences in the computed DW energies, in line with the conclusions of Ref. [28] . Hence, we tend to believe that the results of Ref. [16] correspond to atomic DW configurations that are local minima of the energy; as discussed in Ref. [28] , the possibility of getting trapped in such high-lying minima is not a rare one when working with BiFeO 3 , given Bi's ability to form many competitive local coordinations. Naturally, because the DW energies found in the present work, as well as in Refs. [28, 29] , are much lower than those reported in Ref. [16] , our results are more likely to be of physical significance. It is noteworthy that the experimentally domain wall energy for BiFeO 3 on (001) SrTiO 3 substrate was found to be approximately 0.1 J/m 2 , which is consistent with our present predictions [30] . Also, it has been experimentally reported [30] [31] [32] [33] that BFO films tend to display 71 DWs more frequently, which does not seem consistent with our computed energies. In our opinion, this clearly suggests that additional factors, not present in our calculations, play an important role in the real samples -e.g., growth conditions, defects and imperfections, interfaces with substrate and/or electrodes, electric boundary conditions, etc. (see, e.g., Section III.D of Ref. [28] for a discussion of some of these effects).
As regards the atomic structure of our domain walls, we observed that the discontinuity of both polar and AFD distortions is very sharp. Interestingly, the relaxed DWs seem to owe their relatively low energy to the good matching of the O 6 -rotations at the plane of the wall, which is such that the deformation of the octahedra is minimal. This observation coincides with the conclusions of Ref. [28] , where these structural aspects for the bulk DWs are discussed in more detail.
We now turn our attention to the impact of epitaxial strains on the total and DW energies for the three investigated MD cases, which constitutes an important and novel result. For that, let us first emphasize that the insets of Fig. 2 show a significant change in slope of the total energy versus in-plane lattice constant curve at a misfit strain of -4.4% for monodomain BFO. Such change is caused by a first-order phase transition separating the socalled R-like and T-like BFO phases, in agreement with previous studies [13, 14] .
Interestingly, the insets of Fig. 2 also reveal that a noticeable change of curvature of the total energy occurs for DW71 and DW109, but at different misfit strains, namely -4.9%
and -5.6 %. As we will see later, such a difference in critical strains with respect to the SD case implies that the T-R transition occurs at higher misfit strain inside each domain for these two latter MDs. Such a difference is also related to the nanoscale dimension of our investigated domains. Moreover, the total energy versus misfit strain also changes the curvature around -4.6%, but in a much less pronounced way, in the DW180 case. Note that our notations DW71, DW109 and DW180 for domains walls are still used (in reference to the DW structures at small misfit strain) even if the angle between polarizations of neighboring domains can be strongly strain dependent.
The difference between the minimal total energies of the MD and SD structures gives rise to interesting behaviors of the DW energies when the misfit strain increases from its zero value. First of all, and as shown in Figure 2 , all three DW energies increase with compressive strain [34] --which is due to the fact that, in the R-like region, the total energy increases faster with compressive strain in the MD cases than it does for the SD configuration. Then, ε DW of DW109 and DW71 peak at misfit strains of -5.6% and at -4.9%, respectively, for which the domains inside these MD configurations are at the border between the T-to-R phase transition while the SD has already transformed into its T-phase. On the other hand, DW180 shows a distinct plateau under strains between -6%
and -8%. Such a plateau reflects the fact that the energies of the T-phase of the DW180 and SD cases have approximately the same dependency with the misfit strain for compressive strain above 6% in magnitude. Interestingly, in the highly strained regime, the energy of DW71 considerably decreases when further increasing the misfit strain.
This occurs because the total energy of the T-like phase in the SD case significantly increases with the strain magnitude, while that of DW71 adopts a minimum at around 6.5%. Such a decrease results in (i) an even lower value of ε DW of DW71 for compressive strains beyond 8% than for a zero misfit strain; and (ii) a change in hierarchy, with respect to that at zero misfit strain, of the DW energies: at large compressive strain, DW71 is now more stable than DW109 and DW180. (Fig. 3a) , the Cartesian components of the polarization in the `up' (solid symbols) and `down' (open symbols) domains (Fig. 3b) , and the average angle made by these two different polarizations (Fig. 3c) . We observe in (for the down domains) direction. There is a large change in polarization close to the critical strains, and the resulting out-of-plane component is anomalously large for higher strains in the three investigated MDs. These behaviors of the axial ratio and polarization are reminiscent of the R-to-T transition in mono-domain BFO [13, 14] . It is a remarkable fact that even at very large compressive strain, there is still significant amount of polarization being in plane for DW71 and DW180. On the other hand, the suppression of in-plane polarization is nearly complete for DW109 at the largest investigated strains (this suppression occurs around a misfit strain of -8% for the SD case). Similar to the corresponding structures at zero-misfit strain, the in-plane polarization is homogenous in DW71, whereas for DW180 the in-plane polarizations are anti-parallel between the two neighboring domains (they are along the [110] and [-1-10] directions, respectively; that is, they are both inside the plane containing the DW); finally, for DW109 the in-plane components make 90˚ zigzag domain structure for any strain, since they are oriented along the [110] and [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] directions for the `up' and `down' domains, respectively.
Furthermore, for DW71, the angle between the polarization vectors of the `up' and `down' domains increases rapidly with strain up to 105° before the transition strain at -4.9%, followed by an abrupt jump to about 165°. DW109 has a similar trend, but reaches 180° for the largest investigated strain (as a result of the nearly vanishing of the in-plane components of the polarization in the domains). In contrast, for the DW180 case this angle shows that the overall polarizations of the 'up' and `down' domains are always anti-parallel to each other, when the strain is below and beyond the critical value.
We have also computed the elastic stiffness constants, C ijkl [35] . In particular, we found that C 3333 (where the `3' index is along the direction of alternance of the domains) is of the order of 500 GPa for all the MD configurations, for either a compressive strain of -2.5% (R-like phase) or of -7.7% (T-like phase). The only exception to this rule is the high-strain phase of DW180: as a matter of fact, this phase presents a much smaller value of this coefficient, of the order of 300 GPa, for the compressive strain of -7.7%. Hence, the R-to-T transition in DW180 is connected to a distinct elastic behavior of its highstrain phase. Further, as indicated in the insets of Fig. 3b , the T-phase of DW180 also exhibits an unusually large magnitude of the out-of-plane polarization [36] (that further increases as the compressive strain grows in strength) at the domain walls.
More details about the MD structures, such as an unusual atomic arrangement at the DW for large strains and its electronic densities of states, are also provided in the Supplemental material [18] . The large changes in domain wall energies found in our study may have many implications for the properties of ferroelectric thin films such as domain shape, domain wall motion, switching coercive fields, photovoltaic and conductivity properties. An obvious example of such physical quantity is the polarization-versus-electric field hysteresis loop because the magnitude of the electric field needed to transform the multidomains into a monodomain crucially depends on the domain wall energy (since this latter is precisely the difference in energy between a multidomain and a monodomain). We therefore hope that our study is of benefit to scientists interested in nanoscience, phase transitions, and multiferroics. It can be considered as an example of an exciting and, novel research direction, namely strain engineering of domain-wall functionalities.
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